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Abstract 

Cold forging technology provides production of net shape parts that required very little or no further machining. Meanwhile one 
of the technological problems of the cold forging is fracture of the workpiece during production. This is especially important when 
using less ductile high strength materials or technological schemes that require significant deformation. The use of reliable fracture 
criteria implemented in metal forming software can help predict possible cracks and find ways to avoid them. There are many 
criteria that can be used for this task, for example, Gurson and its modifications, Johnson-Cook, Wierzbicki and Cockcroft-Latham. 
The latter one is the most widely used due to its simplicity since only the first principal component of stress is required for 
calculation. On the other hand, in this simple form, it does not take into consideration the influence of the stress state and the path 
of plastic deformation. In the presented work, a comparative analysis of different criteria has been done to find out the relations 
among them and a modified Cockcroft-Latham criterion of fracture has been proposed. It considers both the influence of the 
normalized first principal stress and the influence of the stress state scheme. A new approximation of the surface of critical plasticity 
has also been proposed that considers the limit values of the normalized average stress. The modified Cockcroft-Latham criterion 
was programmed as a subroutine in QForm metal forming simulation software and it has shown good accuracy in tests for different 
practical cold forming processes. 
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1. Introduction 

The following fracture criteria are widely used to predict the material failure during plastic forming: Gurson [1, 2], 
Johnson-Cook [3], Bai-Wierzbicki [4] and Cockcroft-Latham [5]. The latter one is the most popular among them. The 
analysis of publications on the Internet over the last 5 years has shown that the Cockcroft-Latham criterion is 
mentioned more than 2000 times in the scientific and technical literature. The main reason of this success is its 
simplicity and very little material data required for calculations. The serious drawback of this criterion that it does not 
take in consideration the influence of the stress state and the strain path during deformation. 

Some modifications of the Cocroft-Latham criterion try to overcome these drawbacks as, for example, the variant 
proposed in work [6] that is based on their hypothesis of the linear accumulation of damage. That proposed 
modification allows predicting of the failure of the deformed material in case when the stress-strain state changes 
during forging process. However, that model does not take into account the critical plastic strain dependence on the 
type of the stress state that in turn has been experimentally observed and proved by several authors [7,4].  

The idea of the presented work is to find out the limits of applicability of standard Cockcroft-Latham criterion and 
its similarity to other criteria with the purpose to find an appropriate modification of the criterion that takes into 
account the stress state scheme and its influence on the critical plastic strain. 

2. The normalized criterion of Cockcroft-Latham-Oh 

The Cockcroft-Latham criterion is based on the hypothesis that the accumulation of damages occurs only when at 
least one of the principal stress component is tensile. Subsequently in work [8] the criterion was modified by 
normalizing the first principal stress 

1
 with respect to effective stress  .  
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where 
pd  is the increment of the plastic strain, C1 is the parameter that is usually called material constant, 

p is the 

effective plastic strain. The expression (1) was called the "normalized criterion of Cockcroft-Latham-Oh” and many 
researchers use it for prediction of damage in cold metal forming. Let us show that the critical value C1 for the 
normalized Cockcroft-Latham-Oh criterion is not a material constant but it depends at least on the stress state.  

The first principal stress equals the effective stress in the case of uniaxial tension  
1 . Then the critical strain 

due to equation (1) exactly equals the plastic strain that is accumulated till the damage. 
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In the case of the pure shearing or plane-strain state is valid the expression  
13 . The critical stress that is 

accumulated till the damage for the pure shearing equals: 
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If we assume that the critical value C1 is the material constant and compare Eqs. (2) and (3) we may see that plastic 
strain at the moment of the damage in tension conditions always bigger 3  times than in shearing. This is not 
confirmed by the experimental data. The stress state in any technological processes in every material particle changes 
continuously. It means that the critical value of the damage in the formula (1) should be dependent on the strain path. 
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Thus, the normalized criterion (1) does not allow a quantitative prediction of the workpiece damage for an arbitrary 
technological process of cold forging. The criterion can be used only for a qualitative estimation of similar 
technological processes in which the stress state and the strain paths for the critical points differ insignificantly. 

3. Modified criterium Cockcroft-Latham-Oh 

The modification of Cockcroft-Latham-Oh criterion was proposed in work [6]. The proposed criterion is based on 
the following assumptions: 

 The increment of the damage for a material point is proportional to the increment of the plastic strain as in (1) 
and inversely proportional to the critical value of the strain (damage strain) that in turn depends on the stress 
state.  

 In addition, the increment of damage in the material point does not depend on the strain path, which is equivalent 
to the hypothesis of linear accumulation of damage increments. 

Assuming that the increments of the plastic deformation are sufficiently small to neglect the changing of the 
normalized stress, the modified criterion can be converted to the expression: 
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where   is the damage factor,  ,   1
 is the normalized first principal stress,   f

 is the critical strain that 

corresponds to the material damage in tests with constant value of  . 

Similar methods of estimation the damage of the material in plastic deformation have been proposed in the works 
[3,4,7] and some others. 

These criteria are characterized by the following basic features: 
1. The critical strain is dependent not on the normalized first principal stress   1

, but on the normalized mean 

stress (stress triaxiality)  m . 

2. The critical strain is dependent on stress state which is characterised by various invariant parameters such as 
Lode parameter  , normalized Lode angle   or normalized third invariant of stress deviator    

The dependence of the critical strain on triaxiality and the stress state which is function of two arguments that can 
be represented as a surface. In the work [4], the normalized Lode angle is used as a parameter characterizing the stress 
state. Its value is determined by the equation: 
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principal stresses, 
m is the mean stress. Lode parameter   is related to the normalized third invariant of the stress 

deviator  by the following relationship [9]  
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The function of the critical strain in work [4] is approximated by parabolic function as follows:  
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where a0, a1, a2 are the empirical coefficients dependent on triaxiality. 
It should be mentioned that similar expression was previously independently proposed in work [10]: 

      2
210    KbKbKbf

,        (8) 

where b0, b1, b2 are the empirical coefficients, 
ff 3  is the accumulated critical shearing strain, 3mK T   is 

the stress state coefficient, T is the shearing yield stress. 
The normalized Lode angle   equals Lode parameter   with the opposite sign [10]. Thus, there is no the 

principal difference between Eqs. (7) and (8). 
The experimental curves of the critical strain are approximated by the exponential expression as follows: 

1 2exp( )f M M   .         (9) 

The coefficients 
iM  in Eq. (9) are defined by approximation of the experimental tests.  

The parameters  ,, are related to each other by the following relationship as shown in work [12]:  
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As we can see there is one-to-one correspondence between the critical plasticity function in the coordinates ,  

and , . Thus, the function in formula (4) can be replaced by the expression that takes into account the type of the 

stressed state, for example,   ,f
. Then finally the expression for the evolution of the damage in the modified 

Cockcroft-Latham-Oh criterion can be presented as follows: 
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where  ,c
f     is the critical strain dependent on , . According to Eq. (10)  ,     , we can conclude that 

the modified Cockcroft-Latham-Oh criterion indirectly takes into account the influence of the middle principal stress 
on the damage calculation. 

Let us analyse the relationship between the proposed equation of damage of Eq. (11) and equations in Bogatov's 
criteria [7] and Bai-Wierzbicki [4], which in our notation looks as: 
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where  ,b
f    is the critical strain dependent on , . Obviously, if the critical plasticity function in coordinates 

,  is represented in coordinates  , , then the accumulated damage by Eqs. (11) and (12) should provide the same 

results in the zone of positive values of the first principal stress. In the case of negative first principal stresses, 
according to the Cockcroft-Latham hypothesis, the increase in damage will be stopped, therefore calculation by 
criterion (11) gives a smaller result than Eq. (12). 
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4. Approximation of the critical strain surface and limit value of stress triaxiality for ductile fracture 

The idea that the ductile facture does not occur if the stress triaxiality is less than 33.0crit  was proposed in 
work [13]. This idea is based on Bridgman experiments. Similar effect is described in the work [7] although with the 
remark that this phenomenon is not valid for all materials. 

It is shown in work [11] that the critical stress triaxiality for the different types of stress state is different. For 

example, in uniaxial tension with applied hydrostatic pressure 32crit , in plane-strain deformation 31crit , 
in uniaxial compression test 31crit . 

Accepting the validity of the Cockcroft-Latham hypothesis, it should be concluded that the critical plastic strain 
should asymptotically approaches the vertical axis when the stress triaxiality approaches the limiting value. However, 
the exponential approximation of the critical strain does not satisfy this condition. The condition of asymptotical 
approach can be satisfied using the approximation based on logarithmic expression: 

       0 1, lnc
f critq q                ,       (13) 

where q0 q1 q2 are the empirical coefficients dependent on Lode index and  ,    
according to Eq. (10).  

In the Fig.1 is shown the comparison of the exponential approximation according to Eq. (9) and logarithmic 

approximation according to formula (13) for the experimental results of torsion test  0  in the high-pressure 
chamber of X12CrNiMo 19-10 (DIN) steel presented in work [7]. 

 

Fig. 1. Approximation of the torsion test [7] for steel X12CrNiMo 19-10 (DIN). Solid line is the exponential approximation according to formula 
(9) and dashed line is the logarithmic approximation according to formula (13 ). Dots are experimental data. 

We can see from the Fig.1 that in the points of the tests the both approximations are practically identical. The 
increasing of the stress triaxiality in the positive direction does not cause big difference in the critical strain. 
Meanwhile at the same time near the compressive limit of the stress triaxiality   -0.5 the difference in the critical 

strain f  considerably increases. 

The functions in Eq. (13) may be approximated by parabolic function using the critical strain curves that are 
obtained from the tests like uniaxial compression, tension and torsion. The transformed surface of the critical strain 
for C15 (DIN) tested in work [7] using this approach compared with initial exponential approximation is shown in the 
Fig.2. 
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The numbers on the curves shows the critical plastic strain values that can be distinguished in the tests with constant 
values the parameters , . It is obvious that for tensile stress state both surfaces show the same or very close values. 

Meanwhile if the values of  crit  become smaller than -0.33 the plasticity of the material rapidly increases as 

shown in Fig. 2b that is confirmed by the results of works [10,12]. 
The calculation of the critical plasticity using Bai-Wierzbicki criterion (12) with approximation the critical strain 

as in Eq. (13) causes increasing of the plasticity in the area of the compressed stress state and leaves the prediction of 
the plasticity unchanged in the area of tensile stress state. 

 

Fig. 2. Isolines of the critical strain for steel C15 (DIN). (а) Exponential approximation from [7], (b) logarithmic approximation according to Eq. 
(13). 

5. Examples of damage prediction by modified criteria Cockcroft- Latham-Oh 

The modified criterion Cocroft-Latham-Oh was used for development of the user’s subroutine and predicting the 
workpiece damage in several technological processes with the help QForm metal forming simulation software [14]. 
The first considered technology is described in work [15]. The sequence of the technological operations for cold 
forging of the cap made of steel С40 (DIN) includes 3 operations. The workpiece damage happens in the 3rd operation 
and is shown in the Fig. 3(a). 

The technology was analysed by implementating the modified criterion Cockcroft- Latham-Oh following formula 
(11) and normalized criterion Cockcroft- Latham-Oh as in Eq. (1). The workpiece material is simulated as rigid-visco-
plastic material. The flow stress of the steel C40 was approximated by Hensel-Spittel formula with coefficients shown 
in work [16]. The friction on the contact between the workpiece and tools was approximated by Levanov friction law 
[17] with friction factor 0.2. The heat transfer coefficient between workpiece and tool during simulation was specified 
as 40000W/m2K.  

 
 

(a) (b) 

(a) (b) (c)
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Fig. 3. Photo of failure of cold forged part made from steel 1040, DIN (a), damage criterion distribution in the workpiece in the third operation 
calculated using modified criterion Cockcroft- Latham-Oh (b), distribution of normalized criterion Cockcroft- Latham-Oh (c). 

The distribution of the damage factor according to criterion (11) is shown in the Fig. 3(b). Its maximum value 0.93 
indicates possible damage in the same area as in the Fig. 3(a). In the Fig. 3(c) is shown the distribution the normalized  

criterion Cockcroft- Latham-Oh (1). Its maximum value 0.84 also is located in the zone of actual fracture.  
This example shows that in case monotonic deformation and absence of highly compressive stress state both criteria 

give similar results. Meanwhile in case of more complicated stress state the proposed modified criteria Cockcroft- 
Latham-Oh provides better results as shown below. Let us consider the cold forging technology of the part made of 
steel С40 (DIN). The sequence of the cold forging operation is shown in the Fig 5(a). The dimensions of the initial 
cylinder: height 22 mm and diameter 35 mm. At the end of the second operation the fracture appears on the side 
surface of the product as shown in the Fig.4(b). The material model and boundary conditions for simulation were 
similar to the first example that was shown in the Fig.3. 

 
Fig. 4. (a) Damage factor distribution predicted by modified criterion Cockcroft- Latham-Oh and (b) actual cracks in the cold forged part. 

 

Fig 5. The sequence of cold forging operations (a) and comparison of two criteria distributions: (b) modified criterion Cockcroft- Latham-Oh (12); 
(c) normalized criterion Cockcroft- Latham-Oh (1). 

Fig. 4(a) shows the predicted distribution of damage according to criterion (11). Fig.5 depicts the comparison of 
these two criteria distributions in the cross-section. Fig. 5(b) shows the modified criterion Cockcroft-Latham-Oh and 
in Fig. 5(c) is the normalized criterion Cockcroft-Latham-Oh. The considerable difference of the values and 
distributions of these two criteria can be explained by the complex path of the plastic strain and stress state 

(a) (b)

(b) (c) (a) 
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development during the forging operation. The simulation of the forging operation has shown very complicated path 
of the mean stress development in the critical area while at the bottom area of the part we observe only the minor 
increasing of the compressed stress state. As we see from this example the normalized Cockcroft- Latham-Oh criterion 
doesn’t provide the realistic prediction of the ductile fracture in case of complex paths of the stress and strain that may 
develop in metal forming operations. 

6. Conclusion 

1. The normalized Cockcroft-Latham-Oh criterion does not provide quantitative prediction of material failure in 
some cold forging process. The criterion can be used only for a qualitative comparison of similar technological 
processes where the stress state and the strain path in dangerous points differ insignificantly. 

2. It is shown that the critical value of the Cockcroft-Latham-Oh criterion is not just the characteristics of the 
material but it depends on the normalized first principal stress, the type of stress state and the strain path. 

3. The proposed new modified Cockcroft-Latham-Oh criterion takes into account the effect of the normalized 
first principal stress and the type of stress state. 

4. A new proposed approximation of critical strain takes into account the critical values of triaxiality. 
5. The implementation of the proposed modified Cockcroft- Latham-Oh criterion to the workpiece fracture 

analysis in different technological processes has shown its quite accurate prediction of the damage. 
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